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by
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Abstract. — Any smooth projective variety contains many complete intersection subvarieties with ample cotangent
bundles, of each dimension up to half its own dimension.
It is expected that projective varieties with ample cotangent bundles should be abundant, at least
under reasonable assumptions; in [Sch92], Schneider proved that such a variety cannot be embedded in a
projective space in such a way that its dimension is larger than its codimension. Yet, not so many higher
dimensional examples were known until recently. Looking for such examples and generalizing a question
of Schneider in the cited work, one can wonder if a smooth N-dimensional projective variety contains
subvarieties with ample cotangent bundles (besides curves). In this paper, we answer this question and
establish that, after taking into account Schneider’s condition, subvarieties with ample cotangent bundles
are ubiquitous.
Main result. — In every smooth projective variety M, for each n 6 dim(M)/2, there exist smooth
subvarieties of dimension n with ample cotangent bundles.
To give some illustrative examples: in view of the aforementioned Schneider’s result, this statement is
sharp for M = N (which has anti-ample cotangent bundle), by [Deb05] it is also sharp if M is an abelian
variety (which has trivial cotangent bundle), and the statement becomes obviously non-sharp (and trivial)
if M itself has already ample cotangent bundle.
In an ambient variety M, a natural way to construct subvarieties with ample cotangent bundles is to
consider complete intersections of very ample divisors. Indeed, there are several ways to see that cotangent
bundles of smooth hypersurfaces carry more “positivity” than the cotangent bundle of the original variety
itself (consider e.g. adjunction formula, or observe that cotangent bundles of hypersurfaces are quotients
of the cotangent bundle of the ambient variety). Taking the complete intersection of more and more
hypersurfaces, it is a natural question to ask at which point the cotangent bundle may become ample. We
say that a property holds for a general member of some family, if it holds for any member of the family
over a dense Zariski-open subset of the base. In [Deb05], Debarre conjectured that complete intersections
in projective space having codimensions at least equal to their dimensions should have ample cotangent
bundles, provided the hypersurfaces one intersects are general and sufficiently ample. This conjecture
was motivated by his proof of the analogous statement for complete intersections in abelian varieties (see
also [Deb13, Ben11]).
In the spirit of this conjecture, we prove the following statement, which implies our main result.
Theorem 0.1. — On a N-dimensional smooth projective variety M, equipped with a very ample line
bundle OM(1), if N/2 6 c 6 N, for each δ = (δ1, . . . , δc) ∈ (>0)c, there exists ν(δ) ∈  such that for all
multi-degrees (d1, . . . , dc) = ν · (δ1, . . . , δc) with ν ∈  such that ν > ν(δ), the complete intersection of
general hypersurfaces H1 ∈ |OM(d1)|, . . . ,Hc ∈ |OM(dc)| has ample cotangent bundle.
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Our proof of Theorem 0.1 has two inherent flaws, that are equally inconsequential regarding our main
result. The first one is that we cannot use powers of different very ample divisors to define H1, . . . ,Hc.
The second one is that the lower bound on the degrees is not uniform (namely it depends on the direction
δ). Moreover, our estimate of ν(δ) is only “almost effective”, because it depends on some integer m(δ)
involved in some Noetherianity argument (see Theorem 2.8 in Sect. 2.4).
During the last steps of the preparation of this paper, we were informed that Xie announced a proof of
the ampleness of cotangent bundles of general complete intersections in M = N having codimensions at
least as large as their dimensions, with a uniform lower bound on the degrees d1, . . . , dc & NN
2
([Xie15]).
His result is thus stronger than Theorem 0.1, concerning the hypothesis on the degrees. Let us mention
that his “product coup” could be adapted in our situation to give a uniform lower bound on the degrees,
modulo a technical generalization of our arguments.
Soon after a preliminary version of the present paper was made available on arXiv, Deng was able
to give an effective bound on m(δ), which, in the particular case d1 = · · · = dc = d, allowed him to
derive the effective lower bound d > 8c(2N)N+c. Combining this with Xie’s “product coup”, Deng has
made our proof fully effective, with the uniform lower bound d1, . . . , dc > 16c2(2N)2N+2c in Theorem 0.1
(see [Den16, Den17]).
Our result is in the vein of several previous ones we would like to mention. In an unpublished work,
Bogomolov constructed complete intersection varieties with ample cotangent bundles in products of
varieties with big cotangent bundles (we refer to [Deb05] for a treatment of this result). As already
mentioned, Debarre proved in [Deb05] that in an abelian variety, a general complete intersection of
sufficiently ample divisors, whose codimension is at least as large as its dimension, has ample cotangent
bundle. In [Bro14], the first author proved, among other results in the direction of the quoted conjecture
of Debarre, that Theorem 0.1 (with an effective bound on the degrees) holds for complete intersection
surfaces in projective space, and in [Bro16] he also proved that a general complete intersection X of
multi-degree (d, . . . , d) in N , with codim X > 3 dim X − 2, has ample cotangent bundle when d > 2N + 3.
Recall that the cotangent bundle ΩX of a manifold X is said ample if the canonical line bundle O(ΩX )(1)
on the projectivization (ΩX) is itself ample(1). The positivity of the cotangent bundle is thus related to the
existence and the geometry of symmetric differential forms
σ ∈ H0((ΩX),O(ΩX )(m))  H0(X, S mΩX).
In [Bro14], Demailly’s holomorphic Morse inequalities are used in order to prove that for a complete
intersection X = H1∩· · ·∩Hc ⊂ M of sufficiently ample divisors, with codim(X) > dim(X), ΩX is big. This
means that there is a constant C > 0 such that for any m large enough, dim H0(X, S mΩX) > C · mdim(ΩX )
(see [Laz04]). However, the existence of many symmetric differential forms does not provide much
information on their base locus.
In [Bro16], a more computational approach was introduced in order to construct symmetric differential
forms vanishing on an ample divisor, with an explicit dependance in the equations of a complete intersection
X in N . One way to avoid the computational difficulties that occur by following this approach is to
deduce the statement for general complete intersections from a well chosen particular case. Indeed,
ampleness being an open property in families, to prove that a general complete intersection of a given
multi-degree is ample, it is sufficient to show that there exists an example of a smooth complete intersection
of the required multi-degree having ample cotangent bundle. These considerations motivate the choice
to work with a certain subfamily of the family of complete intersections—concretely: with complete
intersections defined by homogeneous equations of a special form—. In [Bro16], the computation is
performed for a subfamily of complete intersections defined by sufficiently many deformations of Fermat
type hypersurfaces (see Sect. 2.1 for a generalization). This choice of equations was certainly motivated
by the technical simplification it provides, but also by the works [BG77, MN96, Nad89, DEG97, SZ02]
and others on examples of Kobayashi hyperbolic varieties. Indeed, varieties with ample cotangent bundles
are hyperbolic ([Kob98]), hence it is natural to start with hypersurfaces that are likely to be hyperbolic.
In his aforementionned work [Xie15], Xie refines the paper [Bro16] by working with more elaborated
deformations of Fermat type hypersurfaces. A subtle choice of equations allows him to produce a greater
number of tractable symmetric differential forms and to control their base locus. The present work also
finds its roots in [Bro16], and pushes further the ideas initiated there to complete the study of families of
complete intersection varieties. In contrast with the cited works [Bro16, Xie15], we do not manipulate
(1) for a vector bundle E on a variety X we denote by piE : (E)→ X the projectivization of rank one quotients of E
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explicit expressions of some symmetric differential forms. Although our intuitions grew from the geometric
interpretation of a generalization of the cohomological computations arising in [Bro16], in the present text
we choosed to emphasize the intrinsic simplicity and the geometric nature of the proof.
While to the best of our knowledge the presented approach (outlined in the next section) is new,
it involves some general ideas that are already present in earlier works. The independence between
the equations defining the complete intersection and their differentials is a key ingredient in Debarre’s
proof [Deb05]. The use of the “positivity” of the parameter space of a family of varieties is present in
many recent works on hyperbolic varieties subsequent to Voisin’s article [Voi96], although it is used there
in a very different way.
Let us lastly mention that the first author has extended the techniques of the present work from the
setting of symmetric differentials to the setting of higher order jet differentials with the aim of proving a
hyperbolicity conjecture of Kobayashi ([Bro17]).
1. Outline of the proof of Theorem 0.1
Our proof of Theorem 0.1 requires some technical considerations that might hide the underlying
geometry. For this reason, we wish to propose an outline of the proof, in which we first skip the technical
details (to be provided in the remaining of the text). It will hopefully contribute to the overall understanding
of the arguments.
Assume for simplicity until the end of this section that the ambient variety M = N is the projective
space of dimension N > 2 over an algebraically closed field k of characteristic 0. Fix homogenous
coordinates [y0 : . . . : yN] in N . For J = ( j0, . . . , jN) ∈ N+1, the standard multi-index notation
yJ B y j00 · · · y jNN will be used. For all unexplained notation used in this introductory section, concerning
multi-indices J ∈ N+1, cf. Sect. 2.
1.1. Choice of the equations of X and local equations of (ΩX/S ). — Consider complete intersections
X B H1 ∩ · · · ∩ Hc of codimension c, where each hypersurface Hp (p = 1, . . . , c) is defined, for suitable
integers εp > 0, δp > 0 and r ∈ , by a homogenous polynomial of the form
(1) Ep(ap) B
∑
|J|=δp
apJ y
(r+1)J ,
with apJ ∈ H0
(
N ,ON (εp)) and where we use the vectorial notation ap B (apJ )|J|=δp . Accordingly,
Ep(ap) ∈ H0(N ,ON (εp + (r +1)δp)) (see Sect. 2.1). This choice of equations is motivated by the previous
work [Bro16] by the first author, where the case δ1 = · · · = δc = 1 was studied.
For δ ∈ , denote by
Nδ B #{|J| = δ} = dim H0(N ,ON (δ))
the number of parameters of a degree δ homogenous equation in N + 1 variables. Let
S ⊂ H0(N ,ON (ε1))Nδ1 × · · · × H0(N ,ON (εc))Nδc
be the subspace of parameters (a1, . . . , ac) of equations (E1(a1), . . . , Ec(ac)) as above defining smooth
complete intersections. Denote by X → S the universal family of such complete intersections, defined in
S × N by the universal equations (E1, . . . , Ec), and consider the projectivization of the relative cotangent
bundle:
piΩX/S : (ΩX/S ) −→ X.
Local equations for (ΩX/S ) ⊂ S × (ΩN ) are given by the universal equations (E1, . . . , Ec) and their
relative differentials (dN E1, . . . , dN Ec).
From our point of view, the key feature of equations (1) is that such equations and their differentials can
be written in the same formal shape. Locally on N , for p = 1, . . . , c, one can write
(2) Ep =
∑
|J|=δp
α
p
J (y
r)J and dN Ep
loc
=
∑
|J|=δp
θ
p
J (y
r)J ,
where the notation loc= emphasizes that this makes sense only locally, after restricting ourselves to some affine
open subset V ⊂ N and trivializing ON (1)|V . Here the “coefficients” αpJ are homogenous polynomials of
degree εp + δp, and the “coefficients” θ
p
J are 1-forms on V depending on our choice of trivialization forON (1)|V (see Sect. 2.2).
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1.2. The morphism Ψ . — After making the substitution zi = yri for 0 6 i 6 N, the equations in (2)
become ∑
|J|=δp
α
p
J z
J and
∑
|J|=δp
θ
p
J z
J (p = 1, . . . , c).
Thinking this time of αpJ and θ
p
J as variables in k provide us with a way to compare (ΩX/S ) with the
universal family Y of “complete intersections” of multi-degree (δ1, δ1, . . . , δc, δc) in N defined by these
universal equations. We chose to parametrize Y not by (∏cp=1 kNδp × kNδp ) but rather by a product of
Grassmannians
G B Grass
(
2,kNδ1
) × · · · × Grass (2,kNδc ),
and we therefore have Y ⊂ G × N (see (12)). The choice of this parameter space will be justified shortly.
In Section 2.2 we precise the relation between (ΩX/S ) and Y by defining, for some suitable open
subset S ◦ ⊂ S , a morphism Ψ from the projectivized relative cotangent bundle (ΩX/S ◦ ) to Y:
(ΩX/S ◦ )

Ψ // Y
ρ

// N .
S ◦ G
The above diagram is detailed in (13). To construct Ψ , it is critical to parametrize Y by a product of
Grassmannians rather than by a product of projective spaces, because we can only define dN Ep locally (as
explained in Sect. 2.2). The restriction to the open set S ◦ is needed to work with sufficiently independant
parameters αpJ and θ
p
J (see Prop. 2.6) and the morphism Ψ is then defined by (11).
1.3. The model situation. — The product of Grassmannians G is naturally endowed with an ample
line bundle Q → G, namely the tensor product of the Plücker line bundles coming from the different
factors(2). Denote OX(1) = (OS  ON (1))|X. By the very construction of the morphism Ψ , the pullback of
(Q⊗m  ON (−1))|Y is of the form:
(3) Ψ ∗
(
(Q⊗m  ON (−1))|Y) = O(ΩX/S ◦ )(cm) ⊗ pi∗ΩX/S ◦OX(? − r),
for some integer ? (computed later) independent of r (see (14)). Hence, for r > ?, and for s ∈ S ◦, every
global section of (Q⊗m  ON (−1))|Y gives rise to a symmetric differential form on Xs vanishing along
some ample divisor.
Suppose now 2c > N like in the assumptions of Theorem 0.1. The morphism ρ : Y → G is then
generically finite. The pullback ρ∗Q of the ample line bundle Q is not ample on Y, but it is still big and
nef. Thus Nakamaye’s Theorem on the augmented base locus ([Nak00]) provides a geometric control on
its base locus. Namely, for all sufficiently large integers m one has
(4) Bs
(
(Q⊗m  ON (−1))|Y) = Exc(Y → G) ⊂ Y,
where Exc(Y → G) is the reunion of all positive dimensional fibers of the morphism Y → G.
Building on some ideas of the work of Benoist [Ben11] (see Sect. 3) one shows that the locus Exc(Y →
G) is small (i.e. of large codimension) when δ1, . . . , δc are large.
1.4. Pulling back the positivity from Y to (ΩX/S ◦ ). — Hence, for m satisfying (4) and for s ∈ S ◦, the
combination of (3) and (4) gives us some information on the base locus of the line bundle
Ls B O(ΩXs )(cm) ⊗ pi∗ΩXsOXs (? − r).
Our goal is then to prove that for such m, for r > ?, and for a general element s ∈ S , Ls is nef. It would
indeed follow that ΩXs is ample for a general member Xs of the family X of special complete intersections
under consideration. By the openness property of ampleness, this would end the proof of Theorem 0.1 for
suitable multi-degrees (see Sect. 2.5).
Observe that the range of integers m satisfying the condition (4) depends only on the geometry of
Y = Y(δ), which is clearly independent of r. Since the integer ? depends in turn on m, it is in the contrary
the range of adequate parameters r > ? that will depend on the geometry of Y, and we can safely fix r a
posteriori.
(2) Given varieties X1 and X2, vector bundles E1 on X1 and E2 on X2, one can define the tensor product E1  E2 B p∗1E1 ⊗ p∗2E2
where pi : X1 × X2 → Xi, i = 1, 2, are the canonical projections.
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Our idea for obtaining the nefness of Ls is to control the inverse image under Ψ of the locus Exc(Y →
G); If for general s one could prove that for any curve C ⊂ (ΩXs ), one has
Ψ (C ) 1 Exc(Y → G) = Bs ((Q⊗m  ON (−1))|Y),
then, in view of (3) and (4), it would follow that for any curve C ⊂ (ΩXs ), one has c1(Ls) · C > 0, as
desired.
Regretably, the particular shape of our equations causes some technical complications along the
coordinate hyperplanes in N . This prevents us to directly apply our idea and forces us to consider the
stratification on (ΩN ) induced by these coordinate hyperplanes in N . Then, studying each stratum
independently, by modifying the above approach in some minor ways, and putting the information of the
different strata together allows us to prove the sought nefness. See Sect. 2.3, 2.4 for full detail.
2. Ampleness of the cotangent bundle of general complete intersections
We work over an algebraically closed field k of characteristic 0. Recall that M is an N-dimensional
smooth projective variety over k, equipped with a very ample line bundle OM(1). We always assume
N > 2.
Throughout this text we use the following notation. We denote by {|J| = δ} ⊂ N+1 the subset of
multi-integers J = ( j0, . . . , jN) such that |J| B j0 + j1 + · · · + jN = δ. There are Nδ B
(
N+δ
N
)
such
multi-indices. The support of a multi-index J is denoted
[J] B
{
i ∈ {0, 1, . . . ,N} | ji , 0
}
.
For I ( {0, . . . ,N} with #I = (N − k), there are
(
k+δ
k
)
multi-indices of length δ with [J] ∩ I = ∅. These
parametrize degree δ monomials that do not vanish identically on the vector space
kI B
{
(z0, . . . , zN) ∈ kN+1 | zi = 0,∀i ∈ I
}
.
Considering the induced homogenous coordinates [z0 : . . . : zN] on N  (kN+1), one has isomorphisms
(5) H0(N ,ON (δ))  k(N+δN ) 
⊕
|J|=δ
k and H0((kI),O(kI )(δ))  k(
k+δ
k ) 
⊕
|J|=δ : [J]∩I=∅
k.
When we consider points in (ΩM), we will use the following convention: when we write [ξ] ∈ (ΩM)
we tacitly assume, for x = piΩM ([ξ]), that we have fixed ξ ∈ TxM \ {0} representing [ξ]. Moreover, given a
function f in a neighborhood of x we will write f (ξ) instead of f (x), only implying the pre-composition
by the projection ξ 7→ x.
When we work on a chart V ⊂ M in a trivializing affine covering V for OM(1), given σ ∈ H0(M,OM(1))
we will denote by (σ)V ∈ O(V) the regular function corresponding to σ under that trivialization.
2.1. Complete intersections cut out by bihomogeneous sections. — We fix N + 1 sections in general
position, ζ0, . . . , ζN ∈ H0(M,OM(1)), and we set Di B (ζi = 0) for i = 0, . . . ,N. By “general position”,
we mean that each of the Di is smooth, and that the divisor D =
∑
i Di is simple normal crossing. In the
familiar case M = N , this means that ζ0, . . . , ζN are homogenous coordinates in N .
For an integer c satisfying the hypothesis N/2 6 c 6 N of Theorem 0.1, and two c-tuples of positive
integers ε = (ε1, . . . , εc), δ = (δ1, . . . , δc), we construct the family X mentioned in Sect. 1 as follows. For
p = 1, . . . , c, for
ap =
(
apJ ∈ H0
(
M,OM(εp)))|J|=δp ,
and for a positive integer r fixed later according to our needs, we consider the bihomogeneous section of
OM(εp + (r + 1)δp) over M defined by(3)
Ep(ap, ·) : x 7→
∑
|J|=δp
apJ (x)ζ(x)
(r+1)J .
We rather want to let ap vary in the parameter space
S p B H0
(
M,OM(εp))Nδp
and to think at Ep as a section Ep ∈ H0(S p × M,OS p  OM(dp)) where dp B εp + (r + 1)δp.
(3)here and throughout the text, we use the standard multi-index notation for multivariate monomials
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We then consider the universal family X ⊂ S 1 × · · · × S p × M defined by those sections, i.e.
X B
{
(a1, . . . , ac; x) ∈ S 1 × · · · × S c × M | E1(a1, x) = 0, . . . , Ec(ac, x) = 0
}
.
Lemma 2.1. — The general fibers of the family X → S 1 × · · · × S c are smooth.
Proof. — It is sufficient to produce one smooth member of this family. To do so, it is possible to construct
the sought complete intersection step-by-step, using the following statement (established below):
Given ε, δ > 0 and a smooth subvariety X of M there exists a global sectionσ ofOM(ε+(r+1)δ)
of the form σ =
∑N
i=0 aiζ
(r+1)δ
i , where a0, . . . , aN ∈ H0(M,OM(ε)), such that X ∩ (σ = 0) is
smooth.
The proof is a minor modification of the proof of the classical Bertini Theorem, given here for the sake of
completeness.
Consider the set Σ ⊂ H0(M,OM(ε))N+1 × X composed of element of the form (a0, . . . , aN , x) such that
the hypersurface Ha defined by the vanishing of σa B
∑N
i=0 aiζ
(r+1)δ
i contains x but X∩Ha has a singularity
at x. Denote by p2 : Σ→ X the canonical projection. We are going to estimate, for all x ∈ X, the dimension
of the fibers Σx B p−12 (x).
Fix x ∈ X, set H0(M,OM(ε))N+1x = {a | x ∈ Ha}, this is a hyperplane of H0(M,OM(ε))N+1. Fix also an
affine neighborhood V ⊂ M of x, on which OM(1) is trivialized. Then we have a linear map
γx : H0(M,OM(ε))N+1x −→ ΩX∩V,x,
defined by γx(a) = d(σa)V |ΩX,x . Observe that d(σa)V ∈ Γ(V,ΩV ), so it makes sense to restrict it to ΩX∩V,x.
Now Σx  ker γx. Let us prove that γx is surjective, by showing that for ξ ∈ TxX \ {0}, there exists a such
that σa(x) = 0 and γx(a)(ξ) , 0. There exists at least one index i0 such that ζi0 (x) , 0. Since ε > 0, the
line bundle OM(ε) is very ample and its sections separate first order jets. Hence, for each ξ ∈ TxX \ {0},
we can take a such that ai(x) = 0 for all indices i, d(ai0 )V |x(ξ) , 0 and d(ai)V |x(ξ) = 0 for i , i0. A direct
computation then shows that γx(a)(ξ) = d(ai0 )V |x(ξ)ζ(r+1)δi0 (x) , 0, and this proves the desired surjectivity.
Therefore,
dim Σx = dim H0(M,OM(ε))N+1 − 1 − rank γx = dim H0(M,OM(ε))N+1 − 1 − dim X.
We infer that dim(Σ) < dim H0(M,OM(ε))N+1. This implies that Σ does not dominate H0(M,OM(ε))N+1,
whence the result. 
We will from now on restrict ourselves to the dense open subset S ⊂ S 1× · · ·×S c parametrizing smooth
complete intersection varieties, and we will prove the ampleness of the cotangent bundle of the general
members of the universal family
X B
{
(a1, . . . , ac; x) ∈ S × M | E1(a1, x) = 0, . . . , Ec(ac, x) = 0
}
.
We denote by pr1 and by pr2 the natural projections from S × M to its factors, and we denote by pr1,X and
by pr2,X their restrictions to X. Lastly, we denote OX(1) B pr∗2,X OM(1), for later use.
After projectivization, the relative cotangent sheaf ΩX/S of the family X ⊂ S × M gives rise to a family
(ΩX/S )
piΩX/S

⊂ S × (ΩM)

X ⊂ S × M.
We denote by pr[1]1 and by pr
[1]
2 the natural projections from S × (ΩM) to its factors, and we denote by
pr[1]1,X and by pr
[1]
2,X their restrictions to (ΩX/S ).
Since pr[1]1,X = pr1,X ◦ piΩX/S , the fiber of a• ∈ S is (pr[1]1,X)−1(a•) = (ΩXa• ) where Xa• B (pr1,X)−1(a•).
Recall again that the cotangent bundle of Xa• is said ample if the canonical line bundle O(ΩXa• )(1) on
(ΩXa• ) is itself ample.
2.2. Construction of families of non-positive-dimensional subschemes. — We work temporarily on
a chart V in a trivializing affine covering V for OM(1). The family (ΩX/S ) ⊂ S ×(ΩM) is locally defined
by the equations E1, dME1, . . . , Ec, dMEc.
The main geometric idea in our proof is the construction of a family Y of non-positive-dimensional
subschemes of N defined by universal equations, together with a map Ψ : (ΩX/S )→ Y used to “pullback
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positivity”. We get a number of equations that outreaches the dimension if we use both the equations Ep
and their (relative) differentials dMEp—recall that 2c > N—.
We think, for fixed ap ∈ S p, at Ep(ap, ·) and dEp(ap, ·) as two independent polynomials of degree δp in
the variables ζr0, . . . , ζ
r
N . Namely, for a
p ∈ S p we consider locally the equation
(Ep(ap, ·))V =
∑
|J|=δp
(αpJ (a
p, ·))V (ζ)rJV ∈ O(V)
and its differential
d(Ep(ap, ·))V =
∑
|J|=δp
(θpJ (a
p, ·))V (ζ)rJV ∈ H0(V,ΩV ),
where
(6)
 α
p
J (a
p, ·) B apJζ J ∈ H0(M,OM(εp + δp));
(θpJ (a
p, ·))V B d(apJ )V (ζ J)V + (apJ )V (r + 1) d(ζ J)V ∈ H0(V,ΩV ).
The local sections θpJ will soon disappear in favor of global sections that these will help to construct.
For [ξ] ∈ pi−1
ΩM
(V) and for ap ∈ S p set
(αp)V (ap, ξ) B
(
α
p
J (a
p, ξ)
)
|J|=δp ∈ kNδp and (θp)V (ap, ξ) B
(
θ
p
J (a
p, ξ)
)
|J|=δp ∈ kNδp .
As we shall see shortly, although the two points (αp)V (ap, ξ) and (θp)V (ap, ξ) in kNδp depend on the choice
of trivialization and of the choice of a representative ξ for [ξ], the vector space ∆p(ap, [ξ]) spanned by
them does not. Under the assumption that this space is two dimensional, we get a well defined element in
the Grassmannian of 2-dimensional linear subspaces of kNδp
Grass(2,Nδp ) B Grass
(
2,kNδp
)
 Grass
(
2,H0(N ,ON (δp))).
In order to prove this, let us first recall the following classical construction of Wron´skian differential
forms.
Lemma 2.2. — Let L→ X be a line bundle over a smooth variety X, and let σ1, σ2 ∈ H0(X, L) be global
sections. The Wron´skian section
ω(σ1, σ2) B det
σ1 σ2
dσ1 dσ2


defines a global section in H0(X,ΩX ⊗ L⊗2)  H0((ΩX),O(ΩX )(1) ⊗ pi∗ΩX L⊗2).
Proof. — The quotient σ1/σ2 being a rational function on X, we can consider its logarithmic differential,
which is a logarithmic form with simple poles along the divisor (σ1σ2 = 0). Multiplying by σ1σ2 cancels
out the poles, and yields a section in H0(X,ΩX ⊗ L2). A short computation shows that this is precisely the
Wron´skian form of the statement. 
Let us now fix 1 6 p 6 c and an element ap ∈ S p, an open set V ⊂ M as above and [ξ] ∈ pi−1ΩM (V).
Consider for J1, J2 ∈ {|J| = δp} the coordinates of (αp)V (ap, ξ) ∧ (θp)V (ap, ξ) in Λ2kNδp :
(7) ∆pJ1,J2 (a
p, ξ) B det
(αpJ1 (a
p, ξ))
V
(αpJ2 (a
p, ξ))
V
(θpJ1 (a
p, ξ))
V
(θpJ2 (a
p, ξ))
V

 .
A priori, ∆pJ1,J2 (a
p, ·) ∈ Γ(V,ΩV )  Γ(pi−1ΩM (V),O(ΩM )(1)) is only a local section of O(ΩM)(1), but by an
elementary linear algebra computation on pi−1
ΩM
(V) (recall 6):
ω
(
apJ1ζ
(r+1)J1 , apJ2ζ
(r+1)J2) loc= ζr(J1+J2)∆pJ1,J2 (ap, ·).
Since
ω
(
apJ1ζ
(r+1)J1 , apJ2ζ
(r+1)J2) ∈ H0((ΩM),O(ΩM)(1) ⊗ pi∗ΩMOM(2dp)).
and
ζr(J1+J2) ∈ H0((ΩM), pi∗ΩMOM(2rδp))
are global sections, one infers that actually
∆
p
J1,J2
(ap, ·) ∈ H0((ΩM),O(ΩM )(1) ⊗ pi∗ΩMOM(2εp + 2δp)).
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Moreover, ∆pJ1,J2 (a
p, ·) varies algebraically with respect to ap, it can thus be viewed as a section
(8) ∆pJ1,J2 ∈ H0
(
S × (ΩM), (pr[1]2 )∗
(O(ΩM )(1) ⊗ pi∗ΩMOM(2εp + 2δp))).
Passing to the projectivization (Λ2kNδp ), we get a rational map ∆p : S p ×(ΩM) d (Λ2kNδp ) defined
in homogenous coordinates by ∆p(ap, [ξ]) =
[
∆
p
J1,J2
(ap, [ξ]) | J1, J2 ∈ {|J| = δp}
]
. The indeterminacy locus
of ∆p is contained in the base locus of the family
{
∆
p
J1,J2
| J1, J2 ∈ {|J| = δp}
}
which we will denote by Bp.
Observe that by construction (7), outside Bp, with the above notation,
(9) ∆p(ap, [ξ]) loc= Span
(
(αp)V (ap, ξ), (θp)V (ap, ξ)
) ∈ Grass(2,Nδp ) ⊂ (Λ2kNδp ).
Hence the ∆pJ1,J2 ’s satisfy the Plücker relations in the homogenous coordinate ring of (Λ
2kNδp ), and ∆p
factors through the Plücker embedding Grass(2,Nδp ) ↪→ (Λ2kNδp ). Furthermore:
(10) Bp
loc
=
{
(ap, [ξ]) ∈ S p × pi−1ΩM (V) | dim Span
(
(αp)V (ap, ξ), (θp)V (ap, ξ)
)
< 2
}
.
Let us record the following useful information, that follows directly from the construction, see (8).
Lemma 2.3. — Denote the Plücker line bundle on Grass(2,Nδp ) by
Qδp B O(Λ2kNδp )(1)
∣∣∣
Grass(2,Nδp )
.
Outside the indeterminacy locus of ∆p, one has
(∆p)∗Qδp = (pr[1]2 )∗
(
O(ΩM)(1) ⊗ pi∗ΩMOM
(
2(εp + δp)
))
.
The maps ∆p, p = 1, . . . , c will help to define the map Ψ mentionned in Sect. 1, and thus it is crucial
in our proof to control the base locus Bp. The consideration of (10) therefore leads us to study the linear
maps ([ξ] ∈ pi−1
ΩM
(V))
ϕ
p
ξ :
∣∣∣∣∣∣∣∣ S p → k
Nδp × kNδp
ap 7→ ((αp)V (ap, ξ), (θp)V (ap, ξ)).
We will need to bound their ranks. In that aim, we will work with the natural stratification of (ΩM)
induced by contact orders with the (N + 1) hypersurfaces Di = (ζi = 0). Recall that the fixed ζ0, . . . , ζN ∈
H0(M,OM(1)) are in general position.
Definition 2.4. — Take I ( {0, . . . ,N} of cardinality #I = N − k0.
(1) We set DI B ∩i∈I Di. Since D0, . . . ,DN are in general position, DI is smooth of dimension k0.
(2) We set MI B DI \ ∪i<I Di. One has dim MI = k0. The different MI stratify M.
(3) Given I′ ⊆ I ( {0, . . . ,N} of cardinality #I′ = N − k1 we set
Σ(I, I′) B (ΩDI′ |MI ) \
( ⋃
i∈I\I′
(ΩDI′∪{i} |MI )
)
⊆ (ΩM).
One has dim Σ(I, I′) = k0 + k1 − 1. The different Σ(I, I′) stratify (ΩM).
Let us justify the last claim of this definition. Observe that locally, on a trivializing open set, a point
[ξ] ∈ (ΩM) is in Σ(I, I′) if and only if(
ζi(ξ) = 0 ⇐⇒ i ∈ I) and ((ζi(ξ) = 0, dζi(ξ) = 0 ⇐⇒ i ∈ I′).
It is thus clear that the different Σ(I, I′) stratify (ΩM).
Given I ( {0, . . . ,N}, the inclusion (kI) ↪→ N induces a projection
resI : kNδp  H0
(
N ,ON (δp))→ H0((kI),O(kI )(δp)),
identified with the projection (tJ)|J|=δp 7→ (tJ)|J|=δp,[J]∩I=∅, cf. (5).
Lemma 2.5. — For a point [ξ] ∈ pi−1
ΩM
(V)∩Σ(I, I′), with I′ ⊆ I of respective cardinalities N − k1 6 N − k0,
for p = 1, . . . , c, if δp > 2,
rank(ϕpξ ) > 2
(
k0 + δp
k0
)
+ (k0 + 1)(k1 − k0) > 2
(
k0 + δp
k0
)
+ (k1 − k0).
Moreover, (resI × resI) ◦ ϕpξ is a surjective map from S p to H0
(
(kI),O(kI )(δp)
) × H0((kI),O(kI )(δp)).
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Proof. — Since αpJ and θ
p
J involve only a
p
J , the linear map ϕ
p
ξ is diagonal by blocks. Each block
H0(M,OM(εp))→ k × k corresponds to the map apJ 7→
(
(αpJ )V (a
p, ξ), (θpJ )V (a
p, ξ)
)
for a certain J. Recall
from (6) that locally (for readability, we now drop the “local” notation)
α
p
J (a
p, ξ) = apJ (ξ)(ζ(ξ))
J and θpJ (a
p, ξ) = daJ(ξ)(ζ(ξ))J + (r + 1)aJ(ξ) d(ζ)J(ξ)
There are thus two cases, depending on J: Either (ζ(ξ))J , 0, or not.
Before discussing these two cases, let us note that (since εp > 1 and since sections of very ample line
bundles separate first order jets) there exists b1 ∈ H0(M,OM(εp)) such that b1(ξ) = 0 and db1(ξ) , 0, and
there also exists b2 ∈ H0(M,OM(εp)) such that b2(ξ) , 0.
In the first case, when (ζ(ξ))J , 0, the respective images (0, ∗,0) and (∗,0, ∗) of b1 and b2 cannot be
colinear. Thus the rank of the block is 2. Observe that there are exactly
(
k0+δp
k0
)
such multi-indices J: The
assumption [ξ] ∈ Σ(I, I′) implies that piΩM ([ξ]) ∈ MI and therefore, by definition, ζ(ξ)J , 0 if and only if
[J] ∩ I = ∅.
In the other case, when (ζ(ξ))J = 0, clearly αpJ (a
p, ξ) = apJ (ξ)(ζ(ξ))
J = 0, whence the rank is at
most 1. We consider only particularly simple instances of this case, for which we can easily compute
the rank. Since δp > 2, we can take monomials ζ
δp−1
i ζ j with i ∈ {0, . . . ,N} \ I = {i | ζi(ξ) , 0} and
j ∈ I \ I′ = { j | ζ j(ξ) = 0 and dζ j(ξ) , 0}—it is left to the reader to check that other instances are
substantially more complicated—. Then the image of b2 is
(
0, (r + 1)b2(ξ)ζi(ξ)δp−1 dζ j(ξ)
)
. The entry in
the second slot is non zero by assumption on i, j and b2. Thus the rank of the block is 1.
The announced lower bound for the rank follows, after a count of blocks considered in each case.
If one consider the composition with the projection onto H0
(
(kI),O(kI )(δp)
)×2, there are only blocks
of the first kind, hence the rank is full. 
This lemma implies the following.
Proposition 2.6. — As soon as δp > 2, Bp does not dominate S p under the canonical projection pr[1]1 . In
particular, there exists a non-empty open subset S ◦p ⊂ S p such that the indeterminacy locus of ∆p does not
intersect S ◦p × (ΩM).
Proof. — To prove the first assertion, we will establish that for each I′ ⊆ I ( {0, . . . ,N} the locus
Zp(I, I′) B Bp ∩ (S p × Σ(I, I′)) ⊂ S p × Σ(I, I′)
does not dominate S p. This will imply that Bp does not dominate S p under pr
[1]
1 . It suffices then to take
S ◦p B S p \ pr[1]1 (Bp). Accordingly, we fix I′ ⊆ I, with respective cardinalities N − k1 6 N − k0.
One has Zp(I, I′) = Zαp (I, I′) unionsq (Zp(I, I′) \ Zαp (I, I′)), where
Zαp (I, I
′) B
{
(ap, [ξ]) ∈ S p × Σ(I, I′) | αpJ (ap, ξ) = 0,∀J
}
.
To prove that Zp(I, I′) does not dominate S p, it suffices to prove that neither Zαp (I, I′) nor Zp(I, I′) \Zαp (I, I′)
dominates S p.
We first prove the first part of this statement, namely that Zαp (I, I
′) does not dominate S p. Let us define
Zαp (I) B
{
(ap, x) ∈ S p × MI | αpJ (ap, x) = 0,∀J
}
= (idS p ×piΩM )(Zαp (I, I′)).
Observe that pr[1]1 (Z
α
p (I, I
′)) = pr1(Zαp (I)), thus Zαp (I, I′) dominates S p if and only if Zαp (I) does.
Fix x ∈ MI . Recall that dim MI = k0. For any ap = (apJ )|J|=δp , one has
(∗) (αJ(ap, x) = 0, ∀J such that |J| = δp) ⇐⇒ (apJ (x) = 0, ∀J such that [J] ∩ I = ∅).
Indeed, by definition one has αJ(ap, x) = a
p
J (x)ζ(x)
J . Therefore αJ(ap, x) = 0 if and only if a
p
J (x) = 0 or
ζ(x)J = 0. But on the other hand, since x ∈ MI , one has that ζi(x) = 0 if and only if i ∈ I. As a consequence
we get that ζ(x)J = 0 if and only if [J] ∩ I , ∅. This yields the equivalence in (∗).
Since there are
(
k0+δp
k0
)
multi-indices J satisfying the right hand side condition in (∗), and since each
such multi-index J imposes an independent condition apJ (x) = 0, we infer that
dim(Zαp (I)) − dim(S p) 6 dim MI + maxx∈MI dim(Z
α
p (I) ∩ pr−12 (x)) − dim(S p) 6 k0 −
(
k0 + δp
k0
)
< 0.
Hence, Zαp (I) does not dominate S p and neither does Z
α
p (I, I
′).
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We then prove the second part of the sought statement, namely that Zp(I, I′)\Zαp (I, I′) does not dominate
S p. Fix [ξ] ∈ Σ(I, I′) and take an open subset V ⊂ M containing piΩM ([ξ]) over which OM(1) is trivialized.
Recall
(ϕpξ )V (a
p) =
(
(αp)V (ap, ξ), (θp)V (ap, ξ)
)
.
Recalling (10), we have that (ap, [ξ]) belongs to Zp(I, I′) if and only if the dimension of
Span
(
(αp)V (ap, ξ), (θp)V (ap, ξ)
) ⊂ kNδp
is strictly less than 2. Using the stratification, we can even be more precise. Since (ap, [ξ]) < Zαp (I, I′), i.e.
(αp)V (ap, ξ) , 0, this rank condition means that
(θp)V (ap, ξ) ∈ k · (αp)V (ap, ξ).
In particular, αpJ (a
p, ξ) = 0 =⇒ θpJ (ap, ξ) = 0.
For shortness, denote Zξ B (pr
[1]
2 )
−1([ξ])∩ (Zp(I, I′)\Zαp (I, I′)). Remark that Zξ is isomorphic to pr[1]1 (Zξ)
via pr[1]1 . We have just seen that
ϕ
p
ξ
(
pr[1]1 (Zξ)
) ⊆ {(v,w) ∈ kNδp × kNδp | w ∈ k · v and vJ = wJ = 0 if [J] ∩ I , ∅}.
The dimension of the space on the right hand side being
(
k0+δp
k0
)
+ 1, and the dimension of the kernel of ϕpξ
being
(
dim S p − rank(ϕpξ )
)
, it follows that
dim Zξ = dim pr
[1]
1 (Zξ) 6
(
k0 + δp
k0
)
+ 1 + dim S p − rank(ϕpξ ).
Since this argument holds for any [ξ] ∈ Σ(I, I′), we obtain
dim
(
Zp(I, I′) \ Zαp (I, I′)
)
6
(
k0 + δp
k0
)
+ 1 + dim S p − min
ξ∈Σ(I,I′)
rank(ϕpξ ) + dim(Σ(I, I
′)).
Taking account of the different dimensions and of the above Lemma 2.5, this yields that
dim
(
Zp(I, I′) \ Zαp (I, I′)
)− dim S p 6 (k0 + δpk0
)
+ 1− 2
(
k0 + δp
k0
)
− (k1 − k0) + k0 + k1 − 1 6 2k0 −
(
k0 + δp
k0
)
.
It is left to the reader to check that since δp > 2, the last expression is negative. Therefore Zp(I, I′)\Zαp (I, I′)
does not dominate S p and this finishes the proof. 
For each 1 6 p 6 c, when δp > 2, by Proposition 2.6 the restriction of ∆p to S ◦p × (ΩM) is a morphism
and not merely a rational map. Let us briefly recall from (9) that ∆p(ap, [ξ]) corresponds locally to
the 2-plane in H0(N ,ON (δp)) spanned by the polynomials ∑|J|=δp αpJ (ap, ξ)zJ and ∑|J|=δp θpJ (ap, ξ)zJ .
Proposition 2.6 ensures that if ap ∈ S ◦p, those two polynomials are indeed linearly independent. Assume
δ1, . . . , δc > 2 and denote
S ◦ B
(
S ◦1 × · · · × S ◦c
) ∩ S .
We get a map
(11) Ψ :
∣∣∣∣∣∣∣∣ S
◦ × (ΩM) → Grass(2,Nδ1 ) × · · · × Grass(2,Nδc ) × N
(a•, [ξ]) 7→ (∆1(a1, [ξ]) , . . . , ∆c(ac, [ξ]) , [(ζ(ξ))r]),
where [(ζ(ξ))r] stands for [ζ0(ξ)r : . . . : ζN(ξ)r].
For the sake of shortness, denote
G B Grass(2,Nδ1 ) × · · · × Grass(2,Nδc ),
and consider the universal family
(12) Y B
{
(∆1, . . . ,∆c, z) ∈ G × N | ∀P ∈ ∆1 ∪ · · · ∪ ∆c : P(z) = 0
}
.
Along (ΩX/S ◦ ) B (ΩX/S ) ∩ (S ◦ × (ΩM)), the map Ψ factors through Y. Indeed, above an affine open
subset V ⊂ M with a fixed trivialization of OM(1)|V , the variety (ΩX/S ◦) ∩ (S ◦ × pi−1ΩM (V)) is defined
by the c couples of equations (Ep)V =
∑
(αpJ )V (ζ)
rJ
V and (dE
p)V =
∑
(θpJ )V (ζ)
rJ
V , for p = 1, . . . , c. A
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straightforward computation shows that Ψ
(
(ΩX/S ◦) ∩ (S ◦ × pi−1ΩM (V))
) ⊂ Y. This can be summarized in
the following commutative diagram:
(13)
S ◦ × (ΩM) Ψ //OO
?
G × N ρ //OO
?
G
(ΩX/S ◦ )
Ψ // Y
ρ
<<
.
Here we denote by ρ : G × N → G the projection onto the first factor, as well as its restriction to
Y ⊂ G × N .
Observe that, since 2c > N, the projection ρ : Y → G is generically finite, and might be not surjective.
One can however think of Y, at least formally, as the universal family of “complete intersections” of
codimension 2c and multi-degree (δ1, δ1, . . . , δc, δc) parametrized by G. Having this in mind, thanks to
a result of Benoist (see Sect. 3 below), we will obtain a key ingredient needed in our proof to pull back
the positivity by Ψ , namely the fact that the locus of elements in G that parametrize positive dimensional
schemes is of large codimension in G.
For technical reasons, we will now consider the stratification of (ΩM) induced by the vanishing of the
sections ζ0, . . . , ζN on the base M. Namely, for MI defined as above (see Defintion 2.4), the different
(ΩM |MI ) = pi−1ΩM (MI)
stratify (ΩM). For reasons that will soon become obvious, we are mainly interested in the case where
dim(MI) = k > 1 i.e. in sets I of cardinality N − k 6 N − 1. Fix I ( {0, . . . ,N} with cardinality #I < N
and take (a•, [ξ]) ∈ (ΩX/S ◦) ∩ (S ◦ × (ΩM |MI )). By definition, as [ξ] ∈ (ΩM |MI ) = pi−1ΩM (MI) we obtain
immediately that (ζ(ξ))r ∈ (kI) ⊂ N (recall that kI = {(z0, . . . , zN) ∈ kN+1 | zi = 0,∀i ∈ I}). In other
words, along (ΩX/S ◦ ) ∩ (S ◦ × (ΩM |MI )), the map Ψ factors through
Y(I) B
{
(∆1, . . . ,∆c, z) ∈ G × (kI) | ∀P ∈ ∆1 ∪ · · · ∪ ∆c : P(z) = 0
}
= Y ∩ (G × (kI)).
Let us denote by ρI : Y(I)→ G the restriction to Y(I) of the canonical projection G × (kI)→ G.
2.3. Avoiding the exceptional locus. — Because we want to use the positivity of the base G, it is
important to avoid positive dimensional fibers of ρI : Y(I) → G. We denote the exceptional locus of a
generically finite morphism f : X → Y between two varieties by
Exc( f ) B
{
x ∈ X | dimx ( f −1({ f (x)})) > 0}.
Note that for any I ( {0, . . . ,N}, Exc(ρI) ⊆ Y(I) ⊆ G × N .
Lemma 2.7. — If δ1, . . . , δc > dim((ΩM)), then there exists a non-empty open subset U ⊂ S ◦ such that
for each I ( {0, . . . ,N} with cardinality #I < N,(
U × (ΩM |MI )
) ∩ Ψ −1(Exc(ρI)) = ∅.
Proof. — It is sufficient to prove that for each I ( {0, . . . ,N} with cardinality N − k, for k > 1, there exists
a non-empty open subset U(I) ⊂ S ◦ such that(
U(I) × (ΩM |MI )
) ∩ Ψ −1(Exc(ρI)) = ∅.
We will prove the sought statement by dimension count, establishing that
dim
((
S ◦ × (ΩM |MI )
) ∩ Ψ −1( Exc(ρI))) < dim S = dim S ◦.
Let us fix a subset I as above and set G∞ B ρI
(
Exc(ρI)
) ⊆ G. Since ρI is the restriction of ρ to
Y(I) ⊆ Y, one has Exc(ρI) ⊆ ρ−1(G∞) and therefore
Ψ −1(Exc(ρI)) ⊆ Φ−1(G∞),
where (cf. (11)),
Φ B ρ ◦ Ψ = ∆1 × · · · × ∆c : S ◦ × (ΩM)→ G.
Fix [ξ] ∈ (ΩM |MI ) and denote by Φξ : S ◦ → G the map defined by Φξ(a•) B Φ(a•, [ξ]). Observe that the
projection pr[1]1 induces an isomorphism between (S
◦ × {[ξ]}) ∩Φ−1(G∞) and Φ−1ξ (G∞). We will prove the
inequality
dim(Φ−1ξ (G
∞)) < dim S − dim(ΩM |MI ),
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which implies the lemma, since then
dim S > dim
((
S ◦ × (ΩM |MI )
) ∩Φ−1(G∞)) > dim ((S ◦ × (ΩM |MI )) ∩ Ψ −1(Exc(ρI))).
In order to study dim(Φ−1ξ (G
∞)), let us first define an affine analogue to the family ρI : Y(I) → G.
Denote
G˜ B H0((kI),O(kI )(δ1))×2 × · · · × H0((kI),O(kI )(δc))×2.
An affine analogue of Y(I) is
Y˜(I) B
{
(α1, θ1, . . . , αc, θc, z) ∈ G˜ × (kI) | αi(z) = 0, θi(z) = 0,∀i = 1, . . . , c
}
.
Let us denote by ρ˜I : Y˜(I)→ G˜ the restriction to Y˜(I) of the canonical projection G˜ × (kI)→ G˜.
Next, we define a natural analogue to Φξ. Fix an open chart V ⊂ M containing piΩM ([ξ]) and triv-
ializing OM(1). Then, with the notation introduced before Definition 2.4, consider the linear maps
ϕ˜
p
ξ B (resI × resI) ◦ ϕpξ , for 1 6 p 6 c . These induce a linear map Φ˜ξ B ϕ˜1ξ × · · · × ϕ˜cξ from S to G˜, which
is surjective by Lemma 2.5.
We are now ready to conclude. Define G˜∞ B ρ˜I
(
Exc(ρ˜I)
) ⊂ G˜. Observe that for any a• ∈ S ◦, one has
ρ−1I (Φξ(a
•)) = ρ˜−1I (Φ˜ξ(a
•)) ⊂ (kI).
From this it follows that Φξ(a•) ∈ G∞ if and only if Φ˜ξ(a•) ∈ G˜∞. Hence
Φ−1ξ (G
∞) = Φ˜−1ξ (G˜
∞) ∩ S ◦.
But now, since Φ˜ξ is linear and surjective, it has equidimensional fibers of dimension dim S − dim G˜. Thus
dim
(
Φ˜−1ξ (G˜
∞)
)
= dim S − dim G˜ + dim G˜∞ = dim S − codim(G˜∞, G˜).
Besides, one has
codim(G˜∞, G˜) > min
16p6c
(δp) > dim(ΩM) > dim(ΩM |MI ).
The first inequality follows from Corollary 3.3, to be proven below. In the notation of Sect. 3, apply the
result to k = 2c > N and (e1, . . . , ek) = (δ1, δ1, . . . , δc, δc). In this case G˜ = Ae and G˜∞ = A∞e , thus we have
codim(G˜∞, G˜) > min16p6c(δp). The second inequality follows from the hypothesis on δp. From the above
considerations, one deduces that
dim
(
Φ−1ξ (G
∞)
)
6 dim
(
Φ˜−1ξ (Gˆ
∞)
)
< dim S − (ΩM |MI ). 
2.4. Pulling back the positivity. — We are now in position to implement the last part of our strategy,
thereby establishing the following stronger version of Theorem 0.1.
Theorem 2.8. — For each choice of δ1, . . . , δc > dim(ΩM), there exists an integer m(δ) such that for
any r > 2m(δ)(|ε| + |δ|), a general member of the family X = X(δ, ε, r) constructed in Sect. 2.1 has ample
cotangent bundle.
By the openness property of ampleness, this immediately implies the following.
Corollary 2.9. — On a N-dimensional smooth projective variety M, equipped with a very ample line
bundle OM(1), if N/2 6 c 6 N, for any degrees (d1, . . . , dc) ∈ (>0)c satisfying
(†) ∃δ1, . . . , δc > 2N − 1, ∃ε1, . . . , εc > 1, ∃r > 2m(δ)(|ε| + |δ|) : dp = δp(r + 1) + εp (p=1,...,c),
the complete intersection X B H1 ∩ · · · ∩ Hc of general hypersurfaces H1 ∈ |OM(d1)|, . . . ,Hc ∈ |OM(dc)|
has ample cotangent bundle.
Condition (†) will be discussed in Sect. 2.5 below.
Proof of Theorem 2.8. — For a• ∈ S , denote pia• : (ΩXa• ) → Xa• . It is sufficient to prove that for a
sufficiently large µ, and a• general, the line bundle O(ΩXa• (−1/µ))(µ) = O(ΩXa• )(µ) ⊗ pi∗a•OXa• (−1) is nef.
For such µ and a•, we will thus prove that any irreducible curve C ⊂ (ΩXa• ) satisfies
(∗) C ·
(
O(ΩXa• )(µ) ⊗ pi∗a•OXa• (−1)
)
> 0.
Observe that, since
(
(ΩM |MI )
)
I({0,...,N} stratifies (ΩM), for each irreducible curve C ⊂ (ΩXa• ) ⊂
(ΩM), there exists a unique set I such that (ΩM |MI ) contains an open dense subset of C . We fix a• ∈ S ,
such a curve C and the corresponding I, of cardinality N − k. If dim(MI) = k = 0, (∗) holds for all µ, so
we assume that k > 1.
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We fix δ = (δ1, . . . , δc) and we work with the ample line bundle
Q B Qδ1  · · ·  Qδc −→ G = Grass(2,Nδ1 ) × · · · × Grass(2,Nδc ),
where for δ ∈ , we denote by Qδ the Plücker line bundle on Grass(2,Nδ). Let us denote by ρI the
restriction of ρ to Y(I). Since Q is ample and ρI : Y(I) → G is generically finite, the pullback-bundle
ρI
∗Q is big and nef. Accordingly, its null locus—which, thanks to a theorem due to Nakamaye, is known
to coincide with the augmented base locus B+(ρI∗Q), see [Nak00] or e.g. [Laz04] Sect. 10.3—is exactly
the reunion of all positive dimensional fibers of ρI , i.e. the exceptional locus of the map YI → G.
From the very definition of B+, the fact that Q  O(kI )(1) is very ample, and Noetherianity, we know
that there exists an integer mI(δ) such that for m > mI(δ),
B+(ρ∗IQ) = Bs
(
(Q⊗m  O(kI )(−1))|Y(I)
)
.
To sum up, there exists mI(δ) such that for m > mI(δ)
Exc(ρI) = Bs
(
(Q⊗m  O(kI )(−1))|Y(I)
)
= Bs
(
(Q⊗m  ON (−1))|Y(I)
)
.
We will now fix µ, depending only on δ. In order to work uniformly on a• and C , set
m(δ) B max
{
mI(δ) | I ( {0, . . . ,N}, #I 6 N − 1
}
.
Recall from Lemma 2.3 that for p = 1, . . . , c:
(∆p|S ◦ )∗Qδp = (pr[1]2 )∗
(
O(ΩM)(1) ⊗ pi∗ΩMOM
(
2(εp + δp)
))
.
Using the definition (11) of Ψ , restricted to (ΩX/S ◦ ), this yields
(14) Ψ ∗
(
Q⊗m(δ)  ON (−1)
)
= O(ΩX/S ◦ )(cm(δ)) ⊗ pi∗ΩX/S ◦OX
(
− r + 2m(δ)(|ε| + |δ|)
)
,
Observe the −r; our assumption on r is precisely −r + 2m(δ)(|ε| + |δ|) < 0.
We take µ B cm(δ). Then, we proceed as follows. Since by assumption δ1, . . . , δc > dim((ΩM)), the
conclusion of Lemma 2.7 is satisfied for any r. Hence for a• ∈ U, for every irreducible curve C ⊂ (ΩXa• )
having an open dense part in {a•} × (ΩM |MI ) with #I < N, one has necessarily
C * Ψ −1(Exc(ρI)) = Ψ −1
(
Bs
(
(Q⊗m(δ)  O(kI )(−1))|Y(I)
))
.
This implies the existence of a section σ ∈ H0(Y(I),Q⊗m(δ)  O(kI )(−1)) such that C * (Ψ ∗σ = 0). In
particular, C · (Ψ ∗σ = 0) > 0. Therefore by (14),
C ·
(
O(ΩXa• )(µ) ⊗ pi∗a•OXa• (−r + m(δ)(|ε| + |δ|))
)
> 0.
This proves (∗) and thus finishes the proof. 
2.5. The condition on the degrees. — Up to taking a multiple, one can assume that all δi in Theorem 0.1
are larger than 2N − 1. Then by Corollary 2.9, the degrees di for which the conclusion of Theorem 0.1
holds in the direction δ, are the ones satisfying the following condition.
(†) ∃ε1, . . . , εc > 1, ∃r > 2m(δ)(|ε| + |δ|) : dp = δp(r + 1) + εp (p=1,...,c).
The picture below shows particular solutions, with 1 6 εp 6 δp, of (†) in an arbitrary direction
δ = (δ1, . . . , δc), with δp > 2N − 1.
+ · δ
δ1
δ2, . . .
(r + 2)δ
(r + 3)δ
(r + 4)δ
δ = (δ1, . . . , δc)
r = 4|δ|m(δ)
Figure 1. Some degrees satisfying the condition (†)
As one can see, these solutions lie in a union of rectangular blocks that contains the ray spanned by δ
starting from a sufficiently large multiple ν(δ) · δ with e.g. ν(δ) = 4|δ|m(δ) + 2. So, in particular, we
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treat all large degrees (d1, . . . , dc) in the ray spanned by (δ1, . . . , δc), with a lower bound depending on the
direction.
3. On the codimension of the exceptional locus
Given N > 1, if one parametrizes complete intersections in N by products of spaces of homogeneous
polynomials, the locus of families of polynomials not parametrizing complete intersections is “small”
compared to the entire parameter space. This follows easily from the work of Benoist ([Ben11]), but since
it is playing a central role in our proof, we provide all the details here. We do not claim any originality in
this section.
Lemma 3.1 ([Ben11, Lemme 2.3]). — Let X ⊂ N be a (irreducible) subvariety of dimension n. Let G
be the set of all hypersurfaces of degree e containing X. Then
codim(G, |ON (e)|) >
(
e + n
n
)
.
Proof. — This is the proof from [Ben11], translated in English for the reader’s convenience.
Let L be a (N − n − 1)-dimensional linear subspace of N such that L ∩ X = ∅. Let piL : X → n be the
projection induced by L. All the fibers of piL are non-empty and finite. This proves that if C is the set of all
cones of degree e with vertex L, C ∩ G = ∅, and therefore
codim(G, |ON (e)|) > dimC + 1 =
(
e + n
n
)
. 
For k > 1 and integers e1, . . . , ek denote Te B |ON (e1)| × · · · × |ON (ek)|, and define T∞e to be the
subvariety of Te parametrizing equations that do not define a complete intersection variety if k 6 N, or to
be the subvariety parametrizing equations that define a positive dimensional scheme if k > N. Observe that
for k 6 N, the locus T∞e is also the locus parametrizing equations that define a subscheme of N whose
dimension exceeds the expected dimension N − k. Thus in the case k = N the two notions coincide. In any
case T∞e is closed in Te.
Corollary 3.2. — With the above notation,
codim(T∞e ,Te) > min16i6min{N,k}
(
ei + N − i + 1
N − i + 1
)
> min
16i6min{N,k}
(ei).
In particular, this codimension tends to infinity as the ei’s tend to infinity.
Proof. — The proof is an induction on k. If k = 1, it follows from the fact that any hypersurface in N is
a complete intersection. Suppose the result holds for k < N. Then for an element F1, . . . , Fk+1 ∈ Te, the
subscheme Xk+1 defined by F1, . . . , Fk+1 fails to be a complete intersection, either when the subscheme Xk
defined by the first k equations fails to be a complete intersection, or when the hypersurface (Fk+1 = 0)
contains one of the irreducible components of Xk. The codimension of the subset defined by the first
condition is greater than min16i6k
(
ei+N−i+1
N−i+1
)
by induction hypothesis. The codimension of the subset
defined by the second condition is greater than
(
ek+1+N−k
N−k
)
. This is seen simply by fixing some Xk which
is a complete intersection, so that all irreducible components of Xk are of dimension N − k and applying
Benoist’s Lemma to each of those irreducible components. This proves the statement for all 1 6 k 6 N, the
statement for k > N follows at once. Indeed, if k > N then the codimension of T∞e in Te is larger than the
codimension of the set of elements in Te whose N first equations define a positive dimensional subscheme
of N , and we are reduced to the statement for k = N. 
Let us lastly observe that Corollary 3.2 allows us to deduce a similar bound when one considers the
affine analogue of Te given by
Ae B H0
(
N ,ON (e1)) × · · · × H0(N ,ON (ek)).
We state the result in the case k > N > 1, which is sufficient for our application. Define
A∞e B
{
(F1, . . . , Fk) ∈ Ae | dim ((F1 = 0) ∩ · · · ∩ (Fk = 0)) > 0},
Corollary 3.3. — With the above notation,
codim(A∞e , Ae) > min16i6k
(ei).
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Proof. — Denote in this proof A◦e B
∏k
i=1
(
H0(N ,ON (ei)) \ {0}). Observe that
codim(A∞e , Ae) > min
{
codim(A∞e ∩ A◦e , A◦e), codim(Ae \ A◦e , Ae)
}
.
Now, on the one hand, from Corollary 3.2,
codim(A∞e ∩ A◦e , A◦e) = codim(T∞e ,Te) > min16i6N(ei) > min16i6k(ei).
Indeed the canonical projection p : A◦e → Te has equidimensional fibers of dimension k and p−1(T∞e ) =
A∞e ∩ A◦e . On the other hand, by definition, one has
codim(Ae \ A◦e , Ae) = min16i6k dim H
0(N ,ON (ei)) = min
16i6k
(
ei + N
N
)
> min
16i6k
(ei). 
Acknowledgments. — We would like to thank Olivier Benoist for the conversations we had about the
content of this paper, and for allowing us to reproduce some of his arguments. We would like to also thank
Simone Diverio and Gianluca Pacienza for their friendly support and for useful suggestions. We gratefully
appreciated further useful suggestions of Joël Merker and of Christophe Mourougane.
References
[Ben11] O. Benoist – “Le théorème de Bertini en famille”, Bulletin de la Société Mathématique de France 139
(2011), no. 4, p. 555–569.
[BG77] R. Brody & M. Green – “A family of smooth hyperbolic hypersurfaces in P3”, Duke Mathematical Journal
44 (1977), no. 4, p. 873–874.
[Bro14] D. Brotbek – “Hyperbolicity related problems for complete intersection varieties”, Compositio Mathematica
150 (2014), no. 3, p. 369–395.
[Bro16] , “Symmetric differential forms on complete intersection varieties and applications”, Mathematische
Annalen 366 (2016), no. 1-2, p. 417–446.
[Bro17] , “On the hyperbolicity of general hypersurfaces”, Publications mathématiques de l’IHÉS (2017).
[Deb05] O. Debarre – “Varieties with ample cotangent bundle”, Compositio Mathematica 141 (2005), no. 6, p. 1445–
1459.
[Deb13] , “Corrigendum: Varieties with ample cotangent bundle”, Compositio Mathematica 149 (2013),
no. 3, p. 505–506.
[DEG97] J.-P. Demailly & J. El Goul – “Connexions méromorphes projectives partielles et variétés algébriques
hyperboliques”, C. R. Acad. Sci. Paris Sér. I Math. 324 (1997), no. 12, p. 1385–1390.
[Den16] Y. Deng – “Effectivity in the Hyperbolicity-related problems”, ArXiv e-prints (2016).
[Den17] , “On the Diverio-Trapani Conjecture”, ArXiv e-prints (2017).
[Kob98] S. Kobayashi – Hyperbolic complex spaces, Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences], vol. 318, Springer-Verlag, Berlin, 1998.
[Laz04] R. Lazarsfeld – Positivity in algebraic geometry. II, Ergebnisse der Mathematik und ihrer Grenzgebiete.
3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A
Series of Modern Surveys in Mathematics], vol. 49, Springer-Verlag, Berlin, 2004, Positivity for vector bundles, and
multiplier ideals.
[MN96] K. Masuda & J. Noguchi – “A construction of hyperbolic hypersurface of Pn(C)”, Mathematische Annalen
304 (1996), no. 2, p. 339–362.
[Nad89] A. M. Nadel – “Hyperbolic surfaces in P3”, Duke Math. J. 58 (1989), no. 3, p. 749–771.
[Nak00] M. Nakamaye – “Stable base loci of linear series”, Mathematische Annalen 318 (2000), no. 4, p. 837–847.
[Sch92] M. Schneider – “Symmetric differential forms as embedding obstructions and vanishing theorems”, Journal
of Algebraic Geometry 1 (1992), no. 2, p. 175–181.
[SZ02] B. Shiffman & M. Zaidenberg – “Hyperbolic hypersurfaces in n of Fermat-Waring type”, Proc. Amer. Math.
Soc. 130 (2002), no. 7, p. 2031–2035.
[Voi96] C. Voisin – “On a conjecture of Clemens on rational curves on hypersurfaces”, Journal of Differential
Geometry 44 (1996), no. 1, p. 200–213.
[Xie15] S.-Y. Xie – “On the ampleness of the cotangent bundles of complete intersections”, ArXiv e-prints 1510.06323,
october 2015.
December 11, 2017
Damian Brotbek, Institut de Recherche Mathématique Avancée, Université de Strasbourg
E-mail : brotbek@math.unistra.fr
Lionel Darondeau, Institut de Recherche Mathématique Avancée, Université de Strasbourg • Currently: Departement Wiskunde,
KU Leuven • E-mail : lionel.darondeau@normalesup.org
